I. Introduction
Expected discounted penalty function analyses the behaviour of the insurer"s surplus. So it has always been of interest for years in mathematical insurance and many authors have been investigating on the different parameters of this function. The seminal paper by Gerber and Shiu in 1998 gave a detailed study of risk theory by not only simplifying but also giving a general approach to the treatment and the analysis of various riskrelated quantities in to one single mathematical function -the expected discounted penalty function, or GerberShiu function . The Markov-modulated risk model was first proposed by Reinhard [1] and Asmussen [2] .Then later terms like expected discounted penalty function, constant barrier, and stochastic income and so on were added to this model to coincide with the real life. The Gerber-Shiu function is known to possess many properties, like the introduction of a dividend barrier strategy, it was shown by Lin et al. [4] and Gerber et al. [5] that the Gerber-Shiu function with a barrier can be expressed in terms of the Gerber-Shiu function without a barrier and the expected value of discounted dividend payments. This result was called dividends-penalty identity, and it holds true when the surplus process belongs to a class of Markov processes. Most of the researches have taken into account either Markov environment with constant barrier like in [10] or Markov environment with stochastic income as in [7] , [8] , [13] , [18] .Since the risk management of an insurance company with constant premium fails to capture the uncertainty of the customer"s arrival and the amount of premiums of different kinds of customers, models with stochastic income became more popular. To cast the cash inflow and outflow to be more realistic in insurance company, risk process with constant barrier and stochastic income has enhanced the flexibility of the model. Hua Dong et al. [9] has derived the integral equation of Gerber-shiu function of risk process with random income and a constant barrier. Wenguang Yu [19] considered the expected discounted penalty function of markov modulated risk process with stochastic premium income. Wenguang Yu and Yujuan Huang [15] expressed the integro-differential equations of the expected discounted penalty function of the markov modulated risk process with constant barrier under absolute ruin. However the combination of the Markov-modulated risk model with constant barrier and stochastic income is very rare. This motivates us to investigate such risk model in this work.
The rest of the paper is structured as follows. In section 2, the risk model under consideration is introduced in detail.In section 3, given an initial surplus and the initial environment state, the integroodifferential equation for the expected discounted penalty function is derived. In section 4, for exponential distribution , we obtain the expected discounted penalty function. The results are illustrated by numerical examples in section 5.Section 6 concludes the paper.
II. The Risk Model
In this paper, we let a complete probability space satisfying usual conditions containing all random variables and stochastic processes in our discussion. In this model let the surplus process ( ) of an insurance company be defined as follows: . We assume the process * ( ) ( ) ( ) + are mutually independent and has independent increments.
A barrier strategy considered in this paper assumes a horizontal barrier of level such that when ever the surplus exceeds the level , the excess is paid out immediately as dividend. Let ( ) be the surplus process with initial surplus ( ) under the barrier strategy.
Let ( ) denote the expected discounted penality function with initial surplus amount to be with a constant barrier . This is defined as follows:
Where ( ) is the indicator function, * ( ) + denotes the time of ruin, ( ) is the surplus prior to ruin, | ( )| is the deficit at ruin, and ( ) is a non negative bounded function on , ) , ). We can interpret as the discount factor. The expected deficit at ruin for ( )
III. The Integral Equation
In this section, we derive the integral equation for the expected discounted penalty function. Theorem 1. For a small time interval , -, ( ) continuous with respect to on , ) and ( ) is continuous with respect to . We have the following integral equations
Where ( ) and ( ) are the distribution of the number of claims and the premiums amounts, respectively.
Proof. Consider ( ) in the small interval , -.The five different possible cases are as follows:
1. No claim occurs in , -, no premium arrival in , -and no change in the external environment in , -. 2. One claim occurs in , -, no premium arrival in , -and no change in the external environment in , -.
3. No claim occurs in , -, one premium arrival in , -and no change in the external environment in , -.
4.
No claim occurs in , -, no premium arrival in , -and a change in the external environment in , -.
All other events with total probability ( ).
By conditioning on the occurrence of claims, the occurrence of the premiums and the change in the external environment in , -, the expected discounted penalty function ( ) is as follows:
Expanding , dividing by t and taking limit as we get (1) Similarly, for
Reducing and rearranging the above gives (2).
Remark 1. When and ( ) , the expected discounted penalty function simplifies to Laplace transform of the time to ruin, ( ) , ( )| ( ) -and (1), (2) simplifies to
Remark 2. When and ( ) , the expected discounted penalty function denotes the ruin probability ( ) , | ( ) -.Note that for finite , ruin will occur almost surely, which implies the indicator function can be dropped from the definition of ( ) and (2) is equivalent to ( ) .
Remark 3. Let ( ) , and ( ) , | ( )| ( )| ( ) -can be considered as the discounted expectation of the deficit at ruin. In
IV. Explicit Result for Exponential Distribution
In this section, we consider the case that the claim amounts and premium are exponentially distributed. We find that the expected discounted penalty function can be explicitly obtained for some specific settings.
Theorem 2. If ( )
and ( ) , then the second order differential equation in the matrix form of (1) is given by, 
Proof. Considering (1) with exponential claims and exponential premium amount and differentiating it with respect to , once, twice ,reducing it, gives the following form
Now rewriting it in the matrix for reduces the above to (3) Remark 4. If in (3),then matrix form (3) can be reduced in the following form
Now again reducing this we get, 
Where ( ), ( ) denotes the Laplace transform of ( ) ∫ ( ) in two state.
Remark 5. When and ( ) , the expected discounted penalty function (4) simplifies to Laplace transform of the time to ruin in two state, to be a homogenous first order differential equation of the form ( ) ( ) for and the boundary condition (6) & (7) at ,is given by 
V.
Numerical illustrations
In this section, we illustrate some results numerically. We consider the two state Markov modulated risk model with stochastic premium and constant barrier for the simplicity of the discussion. Let us give some data analysis about the theoretical results such that we can study the nature of different parameters like Laplace Transform of time to ruin, discounted expectation of the deficit at ruin for the above model. For convenience, we might suppose that . We consider the discounted expectation of the deficit at ruin for the model which is the case when ( ) . Table: 1 gives the data values for barrier for and figure 1, 2 ,3 illustrates the detail behaviour of the discounted expectation of the deficit at ruin, . is an increasing function as the initial reserve increases whereas decreases as increases. We can also conclude that as the interest force increases the behaviour of and is the same and as increases the discounted expectation of deficit at ruin tends to zero. Similarly we have Table 2 and 3 for barrier and similar conclusions can be drawn for and so we omit the detailed descriptions. 
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VII. Conclusions
We have supposed a Markov modulated risk model with stochastic premium amount and a constant barrier .We have not only discussed the integral equation of expected discounted penalty function of the model but also offer a data analysis of discounted expectation of deficit at ruin for some special cases. These provide a deep insight into this model, which resembles the state of the present environment, to study different insurance related parameters. As a future scope we can study the other insurance related parameters of this model.
